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On LAME's Еомоттомв WITH COMPLEX PARAMETERS 
BY 
J. Г. SHARMA 


The object of the present paper is to consider the solution of 
Laplace’s equation in ellipsoidal coordinates when the parameters 
assume complex values, and to modify under this condition the expan- 
sions of functions in Lamé’s polynomials and their products. Cohn * 
in his doctorate dissertation has discussed under the same conditions 
the solutions of the equation 


Bf 4 BF ничто, 





and mainly the development of functions in Lamé’s products by a 
purely algebraical method based on & limiting process which is hardly 
applicable in the case of the multiplicity of the roots being higher than 
two. Anattempt is here made, purely on analytical basis, to obtain 
results in a more general case by a much simpler method. eae 
The consequences arising from the complex values of the parameters 
are explained in §1, The scope and nature of the problem are stated 
in the next article. We derive in §3 an important property of 
the Lamé's functions when В is a multiple root. We study at first 
the Lamé’s functions for values of B different from those satisfying 
the fundamental equation, and later on we make В approach а multiple 
root of the equation. These results are utilized in $4 to build up 
the solutions of the Taplace’s equation and to prove their linear in- 
dependence, In §5, we deduce the solutions of the equation of the 
surface harmonics which is discussed by Cohn. In §§6-7, we form 


* Fritz Cohn, Über Lamésohe Funktronen mit komplexen Parametern, 
Inaugural-Dissertation zur Erlangung der Docktorwürde, von der philosophischen 
Fakultät der Albertus-Univereitit zn Königsberg 1. Pr. (81, Juli, 1888). 
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linear combination of the functions obtained in §§3-5 so that they may 
become orthogonal enabling us to expand functions, the development 
of which depends on the orthogonality of Lamé's functions ~or~their 
products. The results of Cohn are derived as an illustration therefrom. 
In the last article we point ont the modification necessary in the 
Lindemann’s expansion of в ‚ fonction of a A variable ¢ in the 
Lamé's functions of z. - v 

I express my sincere thanks to Professor акд Ргвава for his 
keen interest in, and kind encouragement of, my work which I under- 
took at his suggestion. 


$1 
The Laplace’s эй: in the ellipsoidal coordinates is | 





V'Ve(t(0— -e0 8 * 80-960} SF 


*t(e2-s()j ary -0 (1) 


В -- + ee 





This is satisfled by a о of the type 
gendo м VzEQ). BC). Bap. o и Ае (2). 


з E satisfies the well known Lamé’s equation 


D'(E)u Е СОМИ ИА ‚. (3) 


п being a positive integer and В a certain constant. р denoting ® (te) 
as asual, this equation has а solution * of one of the forms, 


=p"+a,p""!'+...44,, . ` (4) 
2 Ma б-р) ("+ р" ese (5) 
By=1, 2, 8 


. The actual forms of these functions are obtained by me in а paper ''On Lamé'g 
Equation '' in Bull. Cal. Math. Soc., Vol. XXTIT (1981), рр. 101-114. Ё 
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кл еда йг one of the forms 


L-p—e, (рефор... а=1,9,8 (6) 
М№=р(р®%-:+4,р"-* +... tdn) (7) 


when 2=2m+1 а, b,c and d being functions of B which satisfies the 
equation P,(B)=0 in cases (4) and (7), and Q, (B)=0 in the other cases* 


or in other words which satisfes the joint equation 
Py. Qi Qiu Q, 79. (8) 


So long as e,, 6,, e, are real and distinct, it has been shown + 
that the equation (8) has 2n+1 distinct roots enabling us to form 
(2n+1) distinct functions of the aforesaid types They are just 
necessary to complete the fundamental set f of harmonics of degree n 
required to furnish the general solution of (1). 

When e,,e, and e, are' not real, it is just possible that some of the 
roots of the equation 8) may coalesce and thus may cause a deficiency 
in the number of functions in the fundamental set. It is necessary, 
therefore, to find æ substitute for these missing functions, which 
should be such as may satisfy the equation (1) and be linearly indepen- 
dent of the other functions of the same degree, 


§ 2 

We proceed to explain in detail at first how to fill up the gap 
arising from the coalescence of the roots of P,=0 in the case of the 
first species and to point out the procedure to be adopted in the case of 
the other three species. There will be no difficulty in filing up the 
omitted steps in this account with the aid of the i analysis 
given in the case of the first species. — ^ s 

The coefficients in the equation for B are ТЕРТИЙ of two arbitrary 
constants g, and g, and а third integral constant n.§ Therefore in 
general it is possible that for some integral values of n, three roots 
may coincide; but in special cases it is also possible that more than 
three roots may coalesce. Herce we proceed on the supposition that v 
roots become equal. By putting r—2 we can derive the results 


* P,(B) and Q, „® are not Legendre's polynomials bub certain polynomials 


whose zeros are B's. > 
+ Halphen, Traité des Fonotions Hllsptiques, $. 4, р. 4n (Paris, 1888). 
t Whittaker and Watson, Modern Analysis, p. 889. 
§ See my paper, l.c. 
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obtained by Cohn. This consideration can be gina siea any 
diffculty to the case of Lamé’s functions of higher orders where the 
coefficients are functions of more than two constants.* 


$8 8 inae 


3.1. In order to deal with.the ‘сазе of the first species.we con-. 
struct a formal expression of-the solution of (3) in a slightly different 
manner, where the parametric constant B is supposed different from the 
roots of the equation (8). : 

-- Consider the expression me Gite tas 


ПТ .- (9) 
where a's have the values given by the m equations 
В+а, (8m —2) =0, 
(m—r + 8)(m— r-- 1)9ьа, -, Tium-r- 1)(2m—2r+1)g,4,-1 +Ba, а 
+ (r--1){8m—2(2r-+1)}a;4,=0, - 
жеб, 1, 2;...,т®—1, 


a's with a negative suffix to be taken as zero anda,=1. It should be 
noted that the forms of a’s as functions of B are the same as in the 
case of Lamó's functions but the value of B in this case is quite 
arbitrary. + 

The effect of applying Lamé' 8 operator, namely, 


2те [ 22, ев) в] -` 
to (9) is | 


Са 








РЫ 
[55 
* Heine, Theorie der Kugelfunctsonen und der Verwandten Funotionen, 


Theil ITI, p. 449. 
+ See my paper, “ On Lamé's Equation," Loc. 
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where P, is the same function of B which іп the case of Lamó's 
functions of the first species gives the values of B. 

Regarding у as a function of two independent variables u and B, 
and differentiating partially with respect to B both the sides of (10), 
we get, : 


"ere: bee 56 Жүн 
Ө T innte- |= Be, O80 


Now y is a polynomial in B, since all the а’в are polynomials. It 
is uniformly continuous in u along with all its successive derivatives 
in в region excluding the origin and its congruent points, because it 
is a sum of a finite number of integral powers of &(u) which are all 
uniformly continuous along with their successive derivatives in the 
same region. "Therefore we сап change the order of differentiation 
and get from (11), : : x 


[ Seat hew—B |90 -y= Z^ (19) 


ОЕ т times with respect to B, we get, 








[85 -notne B] 8; 85 24 аа = ФР, (8) 


Let us suppose now that P,=0 has m, roots equal to В,, т, roots 


equal to B,, m, roots equal to B, and so on, such that m,+m,-+...=m+1. 
Then 


=0, for #=0, 1, 2,...,m,—1, - . 
pam о, ог 8—0, 1, 2,...,m E 


Therefore substituting these values of B in (10) —(18) же have the 
^. Тнвовем L If P,-O0 has m, roots equal to B, where -© > 


t 
лкы TEE tei wes n сетат == | DAE 


-then vx - jam = [8]; > j (14) 


66 “тше J. L. SHARMA - | Pr ong 
for ->50, 1,...,%2,—1, and r=1, 3,..., t, satisfy the differential equation 


[25-0 bso-5. Jø ау, à (13, a) 


where yo, 38 ihe Lamé's function of the first species corresponding 
toB,. Thus, in all, we have again (m+1) distinct fünctions of the 
first species. 

. 8.2. In the cages of the functions of the other species we take 


re qus ^E 


ip) hips, ) кар в,) "+, prob da)» (15) 


wit ky, КЁ, are either 0 or 4 and.jn=m+h, +h, +h,. 


The a’s are the same functions of В as the co-efficients of the function 
of corresponding species are of the roots of Q, =0 («=1, 2, 3). 


` The Lamó's operator D* applied out on y will give - 


D*(y)ss(p—e,) ^ ре.) ^ (p—e,) "Q, (B)g(B)smy, (16) 


in place of (10). The rest of the procedure їв similar to the one given 
above. 
When any one of the equations P, 228 or Q zx =0 has multiple roots, 


the above consideration gives us as many new functions as disappear 
because of the multiplicity of the roots, Hence in all we shall have 
(2n 4-1) functions. PCR 

3.3. We proceed now to establish tho 


21 Тнвоквм И. AU these n41 furictions are linearly independent. 
In the first place if such a relation exiated involving functions of 
the different species it is obvious that by suitable changes of the signs 


of the radicals Уре, we could-obtain other relations which, on being 
combined by addition or subtraction with the original relation, would 
give rise to two or more linear relations, each of which involved funo- 
tions restricted not mere. to - -be of the same species but also of the 


same type. i 


n sald. a ky уде сш 
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Let one'of these latter relations, if it exist be „ -. 


а.о аул Fetan Ym —1, Uhm, +19 on bese Нан у 0, (17) 


(a, #0) 
among 4 functions of the same-species. = 
Operate upon the identity (9—1) times тин the et 
= —"(2+1)е(0). 


дц? оа оф 


The results of the successive operations are 
a Biyo: +a! Biyi, +381 iyat. Ea Biy 0; 9=1....4-—1. 


Eliminating а?в, we get after simplification ^ 





1. 0 D. ш de о0о 0 1 |=0 
B, 1 0 a By d 0 dc Be y 
B: 2B, 2 CBE @В By 570 Bi 

B: 3B} 6B, Bi ЗВ’ 6B, ~ в; 

BI LBP 1,8172... BI 1, Br" Bg. Ву 


where 1,4—1, 1, =(q—1)(@—2)- 
But this із a function of the differences only, otz,, ' 


(В.В В.В, (В.В)... 
and therefore cannot be zero unless.the В’в are кеш кыр 18 contrary. 


to the hypothesis. . & Р ` 
Hence the раша relation (17) animot exist. TE Ё 


i 


$4 
We now substitute а funotion of the ferm Vzy(n). % y(t) in: a0) 
where y is the same as in (9); then we get, | 
v*V = = у(ш)у(б){@(н)—®@(ь)} a Ж е 
= Р, (В)[2 (и) у (5) {8 ()—8()} 0  - " 
= P. В, say. Д : (18) 


Differentiating it r times with respect to в, we йө, 


68 . J. L. SHARMA 
д: i 9'8 аР 9°78. d'P 
D Р, ee а 
on V Y^P Sart" ag Spei tt? get 


Now V is continuous throughout any finite region of the B-plane, 
since it is в polynomial in В and it is uniformly continuous along 
with all its successive derivatives in the respective regions of ч, v and 
ш, excluding, the origin and its congruent points. Hence, changing 
the order of differentiation, we have, 





Ot wiyos 3V 0'8 d'P 


If B, is a root of P,=0, (18) shows that 
V= 
wy Xy (0) p в, 


will be & solution of (1) ; апа if ib is repeated т times, then (19) shows 
that а 
- ƏV С, 
Au 8=1, 2,...,"7—1) 
| 0B‘ Jp—z, 
will also satisfy (1). Hence we get the 
ТнЕовЕМм ПТ. If the roots of P,=0 are as stated in Theorem І, then 


ү | 52 a'y {в=1, 2,.. т, —1. 
TA 4 
OB Jg. 5, piden 


satisfy the Laplace's diis, 

Thus, for m, coalescing roots, we hive My С fungkiotis given &bove. 
Exactly in the same way we can fil up the gap caused by the coinci- 
dence of roots in the case of harmonics of any other species. Hence, 
in all we shall have again (2n+1) functions required о complete the 
fundamental set. 

These fonctions are linearly independent for, if not, by giving 
particular values to v апа w, we will have a linear relation in functions 
of Theorem I, whioh is impossible by Theorem II. 

We stop here to illustrate the above discussion by вп example. 
Let в =4, the equation for В is then 


B*—59g,B:4-5609,—0. `` Ae 
a two roots will be equal if : 


ТЕ 520, ) +5600, =0, 


Р : 
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and they will be equal to л, 


The functions corresponding to this value of В аге 


РИ т 
У=Р 3 14 Bip 92 "d “Gt LPs 


&nd the corresponding solutions are : 


i ане м. АШЫШ 4207 


апа У, = > [(-2 — OVAL 1 1% )(e- уж 14 — a. 
x (*- м, uh ) 


where q— (5) and rz (1). 
Tt is easy to вее by substitution that 
V?*V, =0. 
$5 
We come now to the problem of Cohn. The equation of surface 
ellipsoidal harmonics is 


UAE TTE 
Oe? + gc tn(n-t T) )/=о, | (203 


or, in Weierstrassian elliptic co-ordinates, 














9 = S = 92 +n(n+1){@lu —9(»))/—0. ^ —— (203) 


Putting f=y(u)y(v), where y denotes the same function as (9), 
we get, : 


= y(e) 92909 аат) (ви) в} 








stfay(u) Ë 
= P,(B){y(u)—y(v)} =P.H, вау. (21) 
Just as above, differentiating with respect to B, we get, 
a OF 6°H нд’ P 22 
з" SBF =P apr +" "+ Bg (22) 


10 
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Now, putting В equal to a multiple root of Р=0, we deduce the 
THeorem IV. If the roots of P,=0 are as stated їп Theorem I, then 


z0,1,..., m, —1 
x af 3 „э > ul 
fal Of. 1 eS 
[ OB B=B, r=l, 2,..., É 





satisfy the equation (20), and tt їз obvious that they are (m+1) in number. 
These solutions can be derived from $4 by putting w=a constant, 
the resulting functions being sums of several of the above functions. 


Е ampie $ У, = [ишш | 


в=В, 


. Regarding w as constant and differentiating, we get, 


Vf, Го, HEO + olye] ] 
: B=B, 


= W, frites fors 


which is a sum of two functions of (23), 
In this way again we obtain (2 +1) functions to form a complete 
fundamental set, which are linearly independent as is obvious from $3. 


. & 6 


It has been shown* that 


с 
ЎФФ) = = 9.К:(р), 


where the degree of f is less than ог equal to c. 


Even if the roots of P, =0 coincide, we have as in §3, (o+1) linearly 
independent ‘functions of the class K which are snfficient to enable 
us to find the values of g'a by comparing the co-efficients of different 
powers.of p. The same holds for functions of the other classes. 

Farther, it has been shown + that 


fpe» gE) 


-* Of. Heine, Lo., (60) and Lindemann, Math. Annalen, Ва. 19, р. 897 (5). 
+ Of. Heine, l.c., р. 371. 7 


i E d ` 
ON LAME'8 FUNOTIONS WITH COMPLEX PARAMETERS 71 


[| Berea 
where g= —2} 


Os у 

00 f Gur 
о; 
Butif B, is а multiple root, it can be seen from (10) and (12) that* 
Ws 
f. Hopes; 
Ф; 

this will make g, infinite, while f(p) is a finite function. 


* Неге it should be noticed that gs, g, are not necessarily real, and hence in 
general, w, and e, are complex. To illustrate it we give an example when n=4, In 
the above E, stands for [915.. p, Let 


os u 2 597, 74 
T= sae f (»- A/S. p — 9g ) du. 
M e, 8 14 80'* 
It can be easily shown that 


IL ptdu= 27 EE } , 


frui = TRE 3) +39: (v5 —9) | 


pre fa (wa =w), 
f? du = (рут). 
Непсе 
93, L +4) 1 620. _ 2.87 
тешз oL as алм 9 e JF ba м: bias 8 xni 
149, X S з 39s 55 1 52 37 Н 
(Же) ] MEL ELE ST 


=0, 
since, by the condition of the equality of roots, the coefficients of (n,—na) and 
(оз — ө) separately vanish. 
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Henceforward we shall call the functions corresponding to a root 
as members of agroup. There shall correspond only one member to a 
simple root. At first we establish the 


Tagores V. If d denotes a ids of иго functions each chosen . 
from a different group, then 


SE L. фаи=0 


Proof : = 
From (10) we have, 


$5 —n(n+1)8(u) —B Iv =P(B), 
also ($5 —nln+1)8(u)—B } ya =P). 
Hence 


Wg о, Ws 
(8-68) / ув Yadu—P(B) f yadu+ P(B) ] yg du 0. 
o, о; 9 
Differentiating it with respect to B, r times, we have, 


- w, Ә "(ур ) We 8" (yp ) 
в-а 557 ygdu tv J, ae 





_ d'P(B) Ds | "(уву 
aj. мч] * ББС =O 








Differentiating it p times again with respect to B, we have, - 
=, д: (Ув) ә’ 9” (ув) i O'(ypg) 9” * (у) 
(B- ef. eB _ eg Т MES o, OB 0B? 


Ws "= (yp) er 
9 Ys E 
ш ME тв бр’ 4 HO 


3 & 
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Putting B=B, апа В=В, in the above identities and simplifying 
the results, with the help of identities for lower values of p and r, we get, 


з д’ Р | _ 
А ез” Joes, [or Ее pam i 00 


From equation (13) we derive 





== t 


w 
*ГӘд'у Ofy | = es 
| о ЭБ, In du=0, refp<sm,—2 (25) 
1 
and that 


J> [St |e du=0, rem, —3, (26) 


o, =D; 


; [^] 
except when m, 2, in which oase f | [ | и -=0. 
04 B 


16 shows that the members of the same group аге not orthogonal, 


But a little consideration will show that they can be altered so as to 
retain that property. 


Let 
=a [OY ] - 
Yrm, T" [Sr B=B, 
о, 
such, that / (y, "дит. . 
04 ’ r 
Now, let 


sett Ə” ty 
Yrm, —t= a “s [ ð B”: B=B, 


and determine a’s such that 


My 
y ES. . Uu for р=0, 1, 2..£—1 
A Tm, t тт, "р =] for pz { ё 
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The a’s are completely determined since (25) and (26) do not hold 
for all values of rand p. Thus, we will have a new group y,, the 
members of which are orthogonal and normal among themselves and 
also with members of the other groups constructed in the same way. 
Thus we have в new set of 2n+1 functions which is orthogonal and 
normal and enables us to determine the g’s completely in 


у Ар) = P g.y. 


by the formula ` | т 


[tory 
ГТ СЕ. A PONES 
d бн 7 с 


Zu; 
87 


If we use the equation. (20) in place of (20.1) we will obtain 
(2n +1) linearly independent functions of p, v in place of the (2n+1) 
Lamé's products E(uYH(v) corresponding to the real values of the 
parameters. They are just sufficient in number to enable us to find 
& relation between them and the spherical surface harmonics. 
` Heine’s expansions * | 


0,= 23 т КФК.) 


O= X и LG. 


and other two expansions for Б, and B,, which hold for real values of 


` 


the parameters b and о, will ‘still remain valid ‘provided we use, in 
the places of the missing functions, their substitutes found in $5. ` 
We proceed now to expand an arbitrary function of two variables 


- * Of, Heine, lc., p. 876. te - 


П ото @ 
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From the equations (22) and Theorem IV, we see that 


ве КА [€(u)— чи, du йо 


То Ss Та 


7; [m 9 в, E T 


о, 


0, 
since each integrand becomes zero. 
Therefore 


J” [900-61 j f dudv-0, if mn. (27) 


For m=n, Е = 


[2 [tso- sex] ў du do 


rs 





= (fo BEI, ЕТ А. 
i NNI 98" В=В, L б BoB 


Integrating the first expression on the right with respect to v and 
the second with respect to и and using the results (24—96), we get, 


J 7 [^ tec-«0 Гл du dv=0, 


for ЕЁ pxm,—1 > 
rcwm,-—1 
(28) 
fori=s, р<т,—2 


rcm,—2 J 
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and also 


[Cf e-em ( F )а dv=0 


for r<m,—3 (29) 


except when m,=2, in which case 
©з ps t 
f / {8 (и) -%©Ң( г) du dv=0. (30) 
W, w, os | 


We see from (29) that the functions belonging to the same value B, 
ate not orthogonal but they can be altered, just as in §6, so that their 
linear combinations are orthogonal and normal. Therefore, if 


п * 


Mara B M 1 
п t=r 
and У = а, 
m,—nl Si Н 1, 


we find that the V’s corresponding to the same value of В are 
orthogonal and normal among themselves and also with members 
of the other groups corresponding to different values of B and n. 

Hence the constants g’s * in 


о 2 „ , 
fev= = >#У 
n—0se0* * 


are determined completely by 


Ws 0, 
Г f féns)(€(u)—8(v)) Vtdu dv 
я LO. 0, 
E = Ws 
Гр еи) (V 2)*du de 
Ф, Q1 
Hrample: Suppose that there are only two roots equal to B, and 
the rest are distinct and шаре: The functions corresponding to 


B, are 
Vie IX p, "4 nUl =B, ** [85 Ш =В, 


* Cf. Heine, l.c., р. 879 (61). 


} 
ÖN LAMR'S FUNCTIONS WITH COMPLEX PARAMETERS 


where к is such that 


[Г 


z А e i в без de е0, =0, 


B, 


di Pew} BF avis | 


Therefore к=— 


=— 3 (using Cohn's notations).* 
ос n+l 
Now И F(uv)- S = ТУ, 
à = 1 


n= s= 


F f (и) — &(s) (up). V? du dv 





gt °з °з 
Гри) о) НУ" du de 
F Pew- gv JE (u,v) КЕ IE du dv 
= wae S 
PT tev}. f anf $5 +l өз 0) l2 dudo 
А-+кВ za ВА—аВ 
T A газ Ba? 
-B*B a 
Similarly 
„— 2B 
=F ' 


Therefore Fw) 5 (аВ—ВА)}[/] -5 EMEN. 


2B r 8f А 
— ть «я 
В dois ul 
aB—f 2A 


= 2 





a? 


* Cohn, ło., р. 80. . 
11 


— a B=B, 


[Г Рева [ КАР. e] 


м 9f; . * 
Bop 8B, +5 ef. 
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since for simple roots V; —f;-—yi;(w)yt(v) 
These results are the same as those obtained by Cohn * 
Similarly, we can find out all the co-efficienta in 


P, (сов y) = E Gof (Hr) Р. (pii), 
$8 


Proceeding in the same way as Lindemann + has done in the case 


of real parameters, it is easy to establish in the light of the above 
modifications that 


1 = © т„—1 Ө”ҮҮ" 
R ES | 2, roe (а ð B? РЕЯ | 
where = (g)E*())E*tg)E*Q4)R* v, )F* (p). 


By putting vv, =b and p=p, =c, we can derive, 


= т, —1 | 
mtd Lay ^ t (See s.l 


juod P о ies d 


where . X,-—[K'(b)E"(()]* K(z2)F(2) 
and О» is a funotion of b, c, B and z,. 





or 


| 
Ms 
гт 
м7 
2" 
юл 








Finally, 
f(s) = x; /, feo dz 
в т, — З 
= L3. 2s E ( “в EH 
where а= 35 J. Orfles de, 





Bull. Cal, Math. Soc., Vol. XXIV, No. 2 (1982). 


* 


Cohn, l.c., р. 81. 
+ Le., pp. 851-860. 
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GROWTH AND DEVELOPMENT OF PERMUTATIONS AND 
COMBINATIONS IN INDIA 


BY 
GURUGOVINDA СНАКВАУАВТТ 


The subject of permutations and combinations is a noteworthy 
contribution of the Hindus to the growth and development of mathe- 
matios, Its interest originated in connection with the variation of 
the Vedic metres in a very early age, not in the 12th century with 
Bhaskara П as has been supposed by Smith.* In the Chandaheütra 
( the rules of metres ») of Pitigala (before 200 В.О.), a work on Vedic 
metres, have been found specific rules for the calculation of the 
possible number of even, semi-even aid uneven metres, in a group 
with a given .number -of syllables in a quadrant which are nothing 
other than the calculations of the permutations and combinations, t 

After it was once conceived, its principles seem to havé had a wide 
application.in the different spheres-of Hindu life. Thus for instance, 
in the medical work of Suéruta, written some six centuries before the 
Christian era wé find that the combinations of the six tastes taken one 
ata time, two ab в time, etc., and all at а time, have been correctly given 
ав 68. In the literature of the Jainas the Bhagavatisiitra (300 В.О.) 
abounds in- instances of speculation about the different, philosophical 
sub-categories that can arise out of the combination of n fundamental 
categories taken one at в time, two at а time, three at а time or more 
at а time.§ ‘There are similar calculations of the groups that can be 
formed out of the different instruments of senses (karagas),| or of 
the selections that can be made out of a number of males, females and 
eunuchs,{ or of the permutations and combinations in various other 


* D. E, Smith, Hist. of Math., (1991), Vol. II, p. 596. | 
+ See post. 

t Sufruta Satshite, Ch. LXII, Rasabheda- жын: 
$ Büira, 814, 

| Ibid, viii. b, 


$ Ibid, viii. 8. (s. 814). 
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things.* In all the cases the results are given as could be arrived at 
with the help of the formulae 


To _ 8 1)'%—2\...(п—т+1) 
adl 1. 2. 3..r | 


*Р, = n(n—1)(n—2)...(n—7+1), 





The principles were applied in perfumery too.  Var&hamibira 
(505 A.D.) in the chapter on perfumes of his Brhat Bamhiü, has 
said that “an immense number of perfumes can be made from 
sixteen substances taken in one, two, three or four proportions "| 
and has correctly given the number of perfumes resulting from 16 
ingredients (being mixed in all proportions) as 174720. The method 
of caloulation he has followed is as follows :— 

“© Hach drug taken іп one proportion, being combined with three 
“ others in two, three or four proportions, successively makes 
“ віх sorts of scents. Likewise when taken in two, three or 
* four proportions as in this manner four substances combined 
* in different proportions yield 24 perfumes, so too, the other 
* tetrads. Hence the sum will be 96. If a quantity of 16 
“ substances is varied in four different ways, the result will 
“be 1820. Since this quantity combined in four ways admit of 
“ 96 variations, the number 1820 must be multiplied by 96. The 
* product will be total of possible combinations of perfumes."'$ 

Varahamihira made wide applications of this principle in his 
astrological treatise known as Brhajjataka to calculate the number of 
conjunctions of planets. He has laid down the rule: || “ There sre 31 
varieties of АпирА& and 31 of Sunaphü Yoga and 180 of Durudhura.” 
That the number of conjunctions given in the rule are quite correct so 
far as number of possible combinations is concerned, is evident from 
the definitions of these three conjunctions. The conjunction named 
Anuphd, he says, takes place when one of the five planets (Mars, 
Mercury, Jupiter, Venus or Saturn) oceupy the twelfth house from 


* Ibid, ix, 82. (2.871-4). Bee also Jambudvipa-prayfiapts, xx. 4, b, Anuyogadpüra- 
Sutra, sütras 76, 96,126. 

+ Brhat Sarhhita, Oh..77, Rule 18 and 14. For the translation see Kern's works, 
Vol. II, p. 87. 

$ Ibid, Rule 17. 

$ Ibid, Rules 18, 19, 20 and 21, 

< Ch. XDI. ў 

| Brhajataka, Oh. ХОТ, Rule 4. 
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the moon, The Sunaphd conjunction is the same as the Anuphà 
except that the planets occupy ‘the second house from the moon. 
The Durudhurü again takes place when these planets occupy the second 
as well as the twelfth houses from the moon,* 


Nomenclature and Terminology. 


The Hindu name for the subject is Bhanga and Vikalpa 
Сара. The word Vtkalpa can be traced from the period of 
Buáruta (600 B.C. But its earliest use, as one of the several topics 
for discussions in mathematics, is traceable only from the time of 
the Jaina canon Sthananga-sittra (с, 800 B.C.).+ 

The corresponding Hindu expression used for the modern “ taken 
one at а time," “ taken two at a time" ete., as found in the Bhagavati- 
sūirat are Ека затуода (taken one at а time); Dveika затуода 
(taken two at а time’; Trika затуода (taken three at в time). | 


Rules of ОотЬпайоп, 


At the begining, the possible varieties of combination among given 
things was found ont by actually representing the combinations 
graphically. The earliest evidence of an actual calculation of the 
combination of different things is met with in the medical treatise 
of Suáruta, where the number 15 by combining the six tastes, taken 
two at в time, have been found in this way: $ 

1. Oombinations of Sweet. (7) Sweet and Acid. 

(sz) " » Saline, 


(из) ” » Pungent. 
(iv)  ,  , Bitter. 
: (v) » „ Astringent. = 5 
2. Combinations of Acid. (з) Acid and Pungent. 
` (ii) »  » Bitter. 
(11) »  » Astringent. 
(iv) » › Saline = 4 
* Ibid, Rule 8. 
+ Вапа 747, . ; GS 5852. 
чате чачта vex Tet eT was ч! 
an ата чай ч ч я ur ча (чаг ч 


$ Bhagavats-sütra, sūtra 814. 
P Suéruta Затрна, Ch. LXIIT, Rasabheda- vikalpüdhyaya. 
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8. ` Combinations of Saline. (i) Saline and Pungent. 


(12) i5 „ Bitter, : 

(їй) % » Astringent. = 3 
4, Combination of Pungent. (i) Pungent and Bitter. 

(1) " , Astringent. = 2 
5. Combination of Bitter and Astringent. 3 1 


* The total number, thereby, comes to 5--4--34-2-- 1-15. 


This method was followed in the Jaina canons and even in later 
times when easier and shorter mathematical rules were known. 
Var&hamihira (505 A.D.) used it as an alternative method. This 
was known as the method of Logtra Prastdra. He says, "Fill up 
the (first place) by any one of the given number until it (the number) 
is exhausted. Then fill np the second place and others in the same 
way."x 

With the mathematical rules however we become acquainted from 
the 3rd century B.C. only. Pingala laid down a rule to find the 
number of combinations of п syllables, taken one at a time, two at a 
time, etc.,,..and all at в time, His aphorism, "Then the sum total"Tt 
being very short can be understood only with the commentary of 
Halayudha, who has explained the rule as follows: 

‘* Draw a square. Beginning at half of the square, draw two other 
“ similar squares below it, below the two, three other squares 
' “and so on. By putting one in the first square, the marking 


* япш: ния 
Фа frefa: утара: п 
Brhat Samhita, loc, cit. Ch. 71, Rule 98. 
t ч qdfafa i viii, 84. Hal&yudha explains as follows :— 
чач unenfegierieer maed meee Ranat адаб | 
заета часа бает cee «чаб бча гаі dead faq, аатач- 
ата аетачетачеча praed эти Fave: | aa яча AMF cH 
зачита awai wag: ач аата чечи: A e eq 1 
зачат! wat чаап cam) жын байаа 
ge aAa ghee) ча cera чаяния ча! 
amauta yt faew wd ча: emia are: 
ча feaiterat че marae WEG |... ... ааа чє Ж Tete иес че 
че ЧЇ ATESTE qum; i 
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"should be started. In the two squares of the second line put 
“l in each. In the third line putlin the two squares at the 

** ends and in the middle square the sum of the digits in the 
5 two squares lying above it. In the fourth line put lin the 
** two squares at the ends. . In the middle ones put the sum total 
“of the digits in the two squares above each. Proceed on in 
“ this way. Of these the second line gives the combinations 
' with one syllable....This third line gives the combinations 
* with two syllables and eto." 


This method, known as the Meru Prastira* may be represented 
graphically аз follows :— 














No. of Total No. of 
Syllables. | Combinations. 
1 а 
а 4 
3 8 
4 16 
5 за 

"E 
а 
| 1 8 | 28 | 56 | 70 | 56 | | 8 m 266 


` 
o 


Jt is quite evident ‘that in the above in each line, t.e., with any 
number of syllables, the total number of combinations have been 
found ont by first of all finding-out the number of combinations 


* 


Pingala-Chanda}-s¥ira , Ва, Bhagabatfoharan Smrititirtha, р. 162. 
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possible by taking one at a time, two at a time, etc., and taking all 
at в time and then by taking their sum or to put it mathematically, 
the total number of combinations 


= “С„+*С,+”*О,+...+ 2C,. 


Another formula of noteworthy interest that Pingala used in laying 
down the rule is 


"C, FIC, ,,—1 10,4. 


This is quite clear from Pingala’s aphorism, * Then the sum total” 
just quoted. The commentator has clearly said in explaining the 
above aphorism that the true import of the aphorism is that “ the 
sum of the digits in the two squares just above is to be taken. This 
is why ‘sum total’ has been used."* To explain this with a concrete 
example of Pingala, let us take the case of 10 in the line corresponding 
to five syllables (in the Meru Prastdra). According to the rule, 10 is to 
be obtained by adding 4 and 6. Now, 10 represents °O,, 4 represents 


*О, and 6 represents *O,. 4-6==10 is therefore +C, +*C,=5O, 


which is a particular саве of the general formula, 
О, Су, у. 


In later times Varihamihira (505 A.D.) borrowed the principle of 
the Meru Prastara to lay down his rule for finding the combinations. 
His rule though slightly different in form, from that of Pingala, is 
however fundamantally the same as that of the latter. He says, [ 
“It is said that the numbers are obtained by adding each with the 
one which is past the one in front of it, except the one in the last 


ГА 


* . 34. viii че ЧАИ | The commentator says: Hamas quitareratadattera 
qui Жалаб dud: | 
+ Brhat-Safshita, Ch. 77, stanza 99. 
чч йч sm gu 
wart faepe ичет det 
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place.” The commentator, Bhattotpala, has illustrated the rule with 
an example.* . 

To find the combinations df sixteen things taken one › аё а time, 
two at а time, three at a time, etc. 


Taken two Taken four 


at a time.. . . а а time. 
16 = 
15 ^ 190 
j 14 105 
18 91 - 1820 
12 78 1365 
11 66 1001 
^ 10 55 7715 А 
9- - 45 + < 495 - 
8 36 380 x 
7 28 _ 310 
r 6 21 126 
5. -15 ^ -- -70 
4 - 10 35 ., 
8 6 А 15 
те 2 `8 5 
al 1- 1 


. Buattotpale further tells па that thé combinations may be obtained 
by ancther means: “Putting down (the figures) once in the reverse 
order, put them below again ir the direct order. (In finding the final 
result) multiply the numbers in the direct process, t.¢., from left to 
right and divide by the -corresponding numbers below."t This, 
however, is in substance the other method already stated and comes 
obviously to the formula ` ~~ E ~ 


nin=1n—2)...(n=r+1) ,, P" 
0 7133: СИИ nr 


Exactly the same rule appears in the Gantta-Sdra-Samgraha of 
Mahavirat and the Lilavati of Bhaskara 5 


+ Brhat-Safhhità, Ed. ММ. Sudhakara Dvivedi, pp. 952-958. 
+ Brhajjataka, р. 228. 4 

t Ganita-süra-sathgraka, Ch, VI, Rule 218. 

$ Lildvati, Ва. Н. О, Ввпегјее, VI, Rules 110-12, 


12 
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` Pingala contributed two other formule to combinations. One* 

of them is that in a group of m syllables, the limit of semi-even 
metres is (2")*—2" and the other} is that the limit of uneven is 
(2? =) —28=. 


Permutations. 


We have already seen that by the time when the Bhagavati-sitra 
was written, some method of finding out the permutation of certain 
things was known. But the definite formulation of any mathematical 
rule is traceable only from the time of Anuyogadveüra-süira, We 
give below the free translation of a passage from the work relevant 
to this,t “ What is direct orderP Dharmastikiya, Adharmüstiküys, 
Akaéüstik&üya, Jivüstikáya, Pudgalistikiya and Bamaya—this is the 
direct order. What is the reverse order? (Read all these six from 
the reverse order, $.в., from Samaya to Dharmàüstik&ya). What is 
Ananupirvi or mixed order P In this series, in which the first term 
is one, the common increase is one and the number of terms is six; 
multiply all the terms one after anothor and deduct two. This gives 
Anenupürvi of the mixed order." In other words the total number of 
permutations of six things is given by 1X2x3x4x5x6. This is 
nothing but а particular case of the general formula 1. 2. 3. ... ... 
(n—1) n. The direction for deducting 2 is to give the number of 
permutations less the direct and reverse orders. There are several 
other instances of this in the Anuyogadvdra-siltra. 5 

A Sanskrit verse giving exactly the rule that if п be the number 
of different things given, then the total number of permutations that 
сап be made with them will be given by 1.2.3. ... ... (n—1)n, is quoted 
by Silaika.|| Bha&skara too repeated the rule." Two other verses, 


* V.8. we ата ма: манат. 

+ V.4and 6. чая, ATIS | 

t Rule97. Qf ая geargyet > ——ÓÁSÓ€ erf dara 
Ратч четче ew чепей & fad чаты! нат Ча чаты чаре 
area чї чангат ча, Ge эпе і 

§ See also Rules 108, 115, 116 and others. 


|| Vide hia commentary on the Sutra,-Krtánga-Sutra, Samayadhyayan, Anuyo- 
gadvara, verse 28. 


чап чече дачага: | 
carats fara Гаага wen и 
9 Lilavati, loc, otte, XIII, 279. 
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one* in Ardhamégadhi and the other t in Sanskrit, both having the 
same purpose of dictating a rule for finding the actual spread or 
representation (Prastürünapnopdya). The rules are, however, cryptic 
and can be understood only with the help of the commentary of 
Silàhka who Баз explained the whole thing with an illustration. This 
has already been thoroughly discussed by Dr. Datta in his “Jaina 
School of Mathematios "' in the following words : f 

“ The Sanskrit verse may be rendered as follows :— 

“The total number of permutations being divided by the last 
term the quotient should be divided by the next. They should be 
placed accordingly by the side of the initial term in the calculations 
of permutations and combinations.” 

“Let there be r number of things, a,, а,,@,, ... ... a,. Then the 
total number of permutations that can be made with them will be 
by the previous rule, 1.2.3.......(r—1)r orr. The number of permuta- 
tions which сап have ayy particular thing, say, for its initial digit 
(Adi) will be rl /r that is (r—1)]. So puta, in the begining of (r—1)! 
number of grooves, Similarly put a,., in the begining of another 
(r—1)! grooves and во оп. Again amongst the first series of grooves, 
the number of sub-grooves that can have a,., after a, will be 
(r—1)l/(r—1) or(r—2)!. Place a,., after a, in those sub-grooves. 
The number of sub-gooves that can have a,_, after a, will be (r—2)! 
and put it after a,, in those sub-grooves. Similarly with a,.,, 
a,—4,....0,. Again amongst the sub-grooves that can have any 
other particular thing in the third place will be (r—2)]/(r—2) or 
(r—8)| and it should be placed in those cases. Proceeding step by 
step in this way in а systematic manner we can find out all the 
different permutations of things." 

Bhaskara made some other valuable contributions to the subject. 


He dictated rules to find : 
(1) the sum or amount of permutations with specific numbers$ 


* уу xp weg UN чачту | 
gauge уса aga зи! SS 1 
+ «арена у wet Sf атзаң | 
тата ч аа чата fünf mem ü 
t Bull. Cal, Math. Soo., XXI, (1929), pp. 185-86. 
8 IAlávati, loc. ct., XIII, 267. 
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В x sum of digits x (10*72 4... 10 4-1). d. Ios cake eed 


(2; In the above саде when two or more digite'àre alike : suppose 
p of them to be alike and q of them also to be alike 7 thee ше rule is* 


Tee 


In Е 
X 8i n of the tac x 10"- E hi 
D am óf the digits x( z 


(8) The AE with. o aito digite for a definite 
sum and a ‘specific number. of place: he 


E {8—(n=1) Dh ^ : : Е u Md. L 
.A4E.S(w—1) ү. 


- Bull. Cal. Math. Soc., Vol. XXIV, No. 2 (1989) | 


ж Ibid, ХШ, ?70, 
+ Ibid, XI, 914. 


ON THE SUMMATION OF INFINITE SERIES OF 
LEGENDRE’s FUNCTIONS. 


. (Parr 1) 
BY 
DURGAPRASAD BANERJEE 


After reading articles 11 and 20 of Dr. Ganesh Prasad’s Spherical 
Harmonics, Part II, I felt encouraged to add to the list of such infinite 
series of Legendre’s functions P,(cosh e) or Q,(cosh с) with non- 
integral n, as admit of being summed up in terms of elliptic or simpler 
functions. | 

Ав is known, the first successful attempt at the summation of such 
series was made by Dr. Ganesh Prasad * and then his work was 
continued by Mr. М. G. Shabde, + 

Many of the series given below are believed-to be new and they 
are starred. There are also a number of other series, which, although 
they oan be obtained as deductions from the results of Dr. Ganesh 
Prasad or by methods similar to those used by him, have been added 
as they are interesting. 

My thanks are due to Dr, Ganesh Prasad for the РОТ he has 
taken in the paper. ui | | 


*(1) Let K,=K, (cosh у) =Р nee (вовВЬф); УГ. Л 

then оү. D у г Bs, m Е \ : 
1x — lx, lx, Е, жЕ Au т 
а° gs т p ea 


= cosecht им), for sym. 
Ж 


ж Ganesh Prasad, Bull. Cal. Math. Soo , XXIII (1031), рр. 115-124. 
+ Bbabde, Bull. Cal. Math. Soc., XXIII (1981), рр. 155-182. 


= 
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| о [v сов рфаф 
* that =- ] ` 
It is known* that K,= = J 2 (cosh y—cosh $) 


Therefore the 


ý 
series == f (C —X f 2T сов pra cos 2ф 
*J s3 coshy—cosh $) © ^ 2 5 


1 к . 
үу 99? 3$ ... ... to inf. } зи) 
The cosine series + within the crooked brackets equals 
3 cosech т cosh ф, when—c-«d$«-. Therefore (1) equals 


2 ` m n cosh $ аф 
=’ дашт] ^/9(созһ № сові $) 





1 
=5 cosech т. P, (cosh yl tem E(K), 


where 2 cosh E and ка +081. 
1 1 1 
(2) 5 (cosh т—1)К„— 5 (cosh т+1)К, + 5 (cosh т—1)К, 


-5 (cosh К, + а. а. ee to infinity 
=2 sinh ME =r LY <T. 
Proceeding as in (1) we find that the series has the sum 
2 [Y аф 1 1 
+1 (совЬ т—1) cos 26 TT to inf. | вое sse в (t) 


* Bee Hobson, “On в type of spherical harmonics of unrestricted degree, order 
and argument," Phil. Trans. (London), A. Vol. 187 (1898). 

+ У. Е. Byerly, Fourier's series, p. 40. | 

t Ganesh Prasad, Sperical Harmonics, Part II, р 20. 
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The cosine series* within the crooked brackets has the sum 


7T ê 
— Binh ф. 
à $ 


sinh $d$ Dy V 
Therefore (2) =j "ü(cosh y—cosh Ф) =2 sinh *' 


b dock E ы 


* ———— — 
(3) Opt p "—]* pi—2* р" —8* 


.. to infinity 


=—^ K_ , if bea real fraction. 
2р вій рт И 


dp сов ф 
аы af" dia (cosh y—cosh $) D: B 


cos 2ф 


Poll voco cw ю | es QD 





The cosine series} = кы 008 нф è 
2p віп рт 


; Ж ____@08 epdp — — 
Therefore (#) = т pT m J м (cosh j—cosh $) 


ak 
Le 


= es 
Әр sin рт ` 





т т ‹ H 
(4). 5 (8 —lK,— np (ее +1)K, + гуу (е —1)K,...to infinity 
Е(}/) ‚у Y 

—— — +2 sinh Ё, 

k? sinh т 2 


* Byerly, l.c., p. 48. - 
+ Byerly, р. 46, 
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ys E Pet "aal * г. $ 
— M M MÀ —Á— "o 
The Penne T ^/ 2(cosh v — cosh Ф) 9 Y a) 
-JFF (e7 +1) сов ++. ө. „to inf, | es (їй) 
The cosine series * — "m e? . 
- E M tee t $ T" 
Therefore (їй) = ЛЕЙ a 
4 9 (оов y~ cosh $) 
E Au un 
=> BO) +2 sinh t [Adding the results of (1) and (2)]. 
k* sinh v 
+5) 3 E Ё Е + wa “= mp8* "m .. to infinity 
Remus d "EEUU 
= S sinh me Р. (cosh y) for —т<у< т. 
208 аё. еру 
Th = — Í -T eripit МЫ, 
АЕ Z № 2 (cosh y—cosh $) 12 m*+1? 
nig 24. A А 
pcos 9$ . - . we gee ee eeu du ру 
: ый ete fo infinity ]. ... (iv) 
The cosine series + = = cosh mo 
2 sinh mr 
1 Г  cohmédó 7 . i 


". Theref ur E „чс. ——— MÀ 
Е J 2 (cosh j—cosh $) 


T №. (cosh 4), { 


2 sinh mz 





* Byerly, p. 46. 
+ Byerly, lo „р. 49. 
f Prasad, Lo., p. 19. V 
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Hence a toroidal function is expanded in a series of conal functions. 











(gj ner nh K,— Кеш rt Pia сот m Tus К, — ...to infinity 
ES (2 cosh y4-1) sinh У, 
see 2 Г; ct y— cosh ф) [ = 
M сов ф+...... s. to inf. ] ai (s) 
The cosine series* = 5 sinh 24. 
y sinh9$ d$ 


Therefore (v) = УЗ (cosh ý cosh $) 





_ 4 a V. 
== (2 cosh y +1) sinh 5. 
1 aT К, _ K, K, 
7) g Bim qp Set 185 7 gy + уот 
to infinity 
= 1 -7 т 
= с k3F(F), for 5 << 5 
Now 
К, _ К, РОМИ ТЕТ 
155 "uu pog чи 





* Byerly, lo., p. 46, 
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» M аф ELE е 
wd бов oooh $j- L38 387 579 


The cosine series * 


T 1 
8 3 


= 7 РТА i o 
= = сов?0 сов 6= jo teos 20) 5 cos 6. 


Therefore (vt) 


2 № d$ к ^ 
| (1+ 008 26) —- cos 6 
T J мові р сові $) [5 сов )- 3 сов ] 


y 
"e о: 
8 о ^2(совЪ y —cosh $) 16 3 


to infinity = 3 KEE(#). 
*(8) Let Qn-2= Qu-(cosh у). 
1 2 
9459; ig 4 
to infinity 
= —2т sinh M —2 cosh Ӯ x( ha ) where cosh Ў = 3 . 


и  Maorobert, Functions of a comple» Variable, p. 286. 
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Norge on тни Турв or EXPANDING UNIVERSE REGENTLY 
PROPOSED BY EINSTEIN AND DE SITTER 
VERA ix 82 ug xs "E 
N. K. CBATTERJEE. 
‘(Calcutta University.) _ 

1. The object of the present note is to discuss some properties of 
the non-static model of. the universe, recently proposed by Hinstein 
and de Bitter.* The line-element approximately representing the 
present state of the universe on the average is taken to be 

da’ = —B*(da*-Rdy*-Fdi*)-o di* s us (1) 
where R is a function of ¢ only and o is the velocity of light. 

The éxpressions for pressure and density as obtained from the 
field-equations 


—B8s1^ = = Gy igh, (G—2a) 


: 8B Бэ ' 

are Bap 1 M ou +A - E (2) 
ЗВ! 

Зтроо = Во —À. asi TT" ө (8) 


Einstein and de Sitter have considered the equations with A=0. Here 
À is retained for a fuller discussion. 

* The model may be both expanding or contracting, but it cannot 
change from the one to the other, as R can never vanish. (For, when 
R=0, from (3) if A450, ро о becomes negative; and if А = 0, poo vanishes 
in which case we may also suppose p, to vanish, whence from (2) 
R=0, во that the model becomes perfectly static.) 

In the present note, we assume that the model expands through & 
radius Ej—H,, at the time #=0, the orea pon Mig velocity of expansion 
being R= Ro. 

The first condition that the model should satisfy is the condition 
of positive pressure and we shall impose later ona further condition 
that the density does not vanish for any finite value of the radius В. 


* овет and de Sitter—Proo. Nat. Acad. Sciences (America), Vol. 18, 
р. 282, 1939. | 
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2. From (2), the first condition p, >0 gives 


2R | Bs 
RT pas e T e (0 


Multiplying (4) by the positive quantity о Ба (the model is 
expanding) and integrating between limits R=R,,R=R, to В=В 
R= k, we get 


А dm" №? 
RR!—Rj,R3— 5 (R*—R3)<0 
that is, R(R? — Ae Bt) в, B3). 
Thus we have 


Bf, < Bef... 
b а 


from which also follows (since В >) fe S fg, 


. Ас? 
where fp = В*——_В*. 


We conclude that in the Ezpanding Universe described by (1), the 
rate of expansion can only be such that the function В}. (hence also f, ) 
continually decreases, 

Again we have from (A) 


Re в ( в в) 





dR 
EREDE is 


Integrating (5) between the corresponding limits t=0 to £zz£ and. 
R=R, to R=R, we get | 


осы 
= ESL. 





(B) 


VS VRE me м)] 
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where 3 and T denote the first and the second expression respectively 
in (B). 

It can be easily verified that the second term T is positive (argu- 
ment > 1). 

The inequality (B) gives a lower bound of the time taken by the 
model to expand from a radius B, to another В во that the 
expansion cannot take place in & time less than that given by the 
right hand side of (B). 

Further, if we impose the condition poo 2-0 in (8), 


we have Ri» APA R* ; (6) 
8 
; ‚В Хо" 
that is az А/' ж se (6) 
Integrating (6') between corresponding limits, 
B -R | 

: ts Vi log E. ELE .. (0) 

or, S3. 


From (C) it is evident that every finite radius of the universe will 
-be reached їп finite time. 
' Relations (B) and (О) show that the time of expansion, і, from, radius 
Во to R Hes between the two bounds given by 








9—-Т<ї<Э. 

А greater lower bound can be found if we start from the inequality, 

Rf, ЗВ), o 
н dR 
This gives dt> (7) 
-- 0 ^/ Ro ( &i- t Rg) + RS 
{ R A 8 р 3 } 
VR dR 
So that ~ 








T AN ыа ы, 
В, A/ 1 в, (Вз ue Rp R | 
It is evident on comparing (5) and Oz un this lower bound is 


greater than the preceding one. 
Ooming back to (A), it is to be noted that f, will always remain 


positive as is evident from (6), and ,decreasing while В continually 
inoreasés. But if Ё decreases there will be a finite value of В for which 


Ja vanishes. On the other hand (C) shows that so long as R remains 
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finite the time of increasing to that radius is also finite, во that 
f, can vanish within a finite time and for a finite value of В. This is 


contrary to the imposed condition (p,,>0). Hence В must continually 
increase in the expanding universe "im Во that the opera will be 
quicker with time. 

8. Let us assume, with Hinstein and de Sitter, XA—0. 

Then from (A) we have, 


RR*<R,R? C | фу 


ог in other words, with А=0, RR* and consequently also В continually 


decreases. 


— 


That В is also decreasing continually іп this case also follows from 


Еар. (2) (with A=0). Since in this equation R must be negative in 
order that the pressure may not be negative.  - 


` From (D) it is evident that R deoreases faster than 2 ‚ but as 
. VR 


has been shown before it can never become zero in finite time. 
In other words, the rate of expansion of the universe (1), (with X—0) . 
ts continually slowing down but tt сањ never become sero without the 
universe being completely empty and perfectly statio. — 

It is to be noted that with A-0. the expansion grows did 
continually. This is a fundamental difference between the cases A= =0 
and A=£0 for this line element, 

Multiplying Eqn. (3) by R* and comparing with conditions (A) and 
ud we find that both for MEO and ^=0, pog R? continually decreases 


80 ; that the density of energy tn the universe decreases faster than Ee ‚ The 
vanishing of the density implies the stopping of the expansion. 
A lower bound for the time of_expansion from R, to R, in this 
case, is given by 
D H Е = 
>= 2 BI RE (obtained from D) 
3 B, AR ` 


but no upper bound is айа ды by the analogous process. 
In conclusion, I wish to express my grateful thanks to Prof. 


М. В. Sen for suggestions and help. 
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ON THE SUMMABILITY (О, 1) AND STRONG SUMMABILITY - 
(С, 1) OF CERTAIN DIVERGENT LEGENDRE SERIES 


BY 
Н, P. BANBRIEA 


It is well known * that the Fourier series corresponding to а 
continuous funotion is convergent (О, 1). A direct verifiegtion of this 
theorem for the case of a continuous function whose Fourier series is 
divergent at a point was first given f by Fejér. The corresponding 
theorem for the Legendre series was first proved by Haart and gub- 
sequently discussed by Chapman, $ Grouwall, || Luk&cs f and Fejér.** 
The direct verification of the convergence (С, 1) of certain continuous 

5] functions whose Legendre series divergef has been taken up in this 
paper. I prove in Art. 1, that the Legendre series corresponding to the 
first function given by Lukács ++ is convergent (C, 1). In Art. 2, I 
prove that the second function ft of Lukàos also possesses this property. 
In Art. 8, I show that the series corresponding to both the functions of 


* Untersuchungen über Fouriersche Reihen "—L. Fejér (Math. Ann., Bd. 58, 
1904). Bee algo Comptes Rendus t, 181 (1900) and v. 184 (1904). 
t,“ Bur les aingularités de la série de Fourier des fonctions continues "—L, Fejér 
maki di (L'Ecole normale superieure, tome 88, 1911). 


I" Über die Legendresche Reihe "—A. Haar (Rend. del Ciro. Mat. di Palermo, 
tomo 82, 1911). Вее also Math. Ann., Vol. 69, 1910. 

$. Quarterly Journal of Pure and Applied Mathematios, Vol. 48, 1012; Math. Ann. 
Ba. 78. 

|| Mathematische Annalen, Ва, 74,1918. 

Ç Comptes Rendus, +. 157, 1913: Math. Zeitschrift Bd. 14. 

** Mathematische Zestsohrift, Bd, 94, 1998. 

++ Mathematisohe Zeitschrift, Bd, 14, 1032. 

11 Ibid, 
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Lukàos are strongly summable (С, 1). * In Art. 4, I discuss for 
increasing п the infinitary behaviour of 


iM 


15—81 for g >1, 
1 + 


where s, is the mth partial sum of the Legendre series and s the value 
of the function at the point considered. mE 


My best thanks are due to Professor Ganesh Prasad for encourage- 
ment and interest. 


1. Lukàcs’s first function. 


Let Ф(б)=-> a .. (1) 


where f, (0)— v-F1 (P, (cos 6) —P, 3 (cos 0) (1— сов 8), 
———————8nd.vy,zzn$,. ai TUN REA = кн | | 


It has been proved t by Fejér that i А 
| мУ+1 {Р, (сов 0) —P,,5 (cos 0)} 1 < О, ... (2) 


for all integral values of v, О being a constant independent of v and 8. 


: Hence 
ne 4-1 


n? 


Ф(6) = = {Риз (cos 0)— Pps +g (сов 6)}(1 —сов 6), 


P 


is, on account of the inequality (2), easily seen to be a continuous funo- 
tion of 6, being the sum of an absolutely, and therefore uniformly, con- 
vergent series. i 


© In Comptes Rendus, t. 156, 1918, Hardy and Littlewood have proved that under 
certain restrictions if the Fourier series corresponding to f(z) is convergent (О, 1), 
it is also strongly sammable (С, 1). In Fundamenta Mathematicae, Vol. 10, 1997, 
А. Zygmund proves the corresponding theorem for normalized orthogonal functions. 
Thus Art. 8 is a direct verification of the theorem, corresponding to Hardy and шше 
wood's theorem, for the Legendre series. . xoa n 

+ Mathematische Zeitschrift, Ва. 94, 1928, 
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The Ath partial sum s, of the Legendre series of Ф(6) is ` 








„@= = XH ЖООШ | 


oe р 


сов 6—ғ 


1 
= Ф(ф)йда {МӘР s @›—Р,+,(а)Р,(сов 0) р 
\ xis ML 
-1 


compo mos (putting aeos $) - - 


2 snl п” cos 9—8 


1 
—#+1 © == P,(2)P,,, (cos 6) —Р, ,,(=)Р, (сов 6) 


x (P, (z) Роз (е аан - 


——- 








Hence putting 6=0, — 


^ wee 
= 





1 2 " - РА 
2.0) = ы = zu {Pi (2)—Pasilr)} {Pps (а) Рә (=) } 4 


ani 





Во we have .. . . "S Е 
3 idi ^n? 4-1. 1 А | oe 
n*-])] 77 . п? '9 641’ P ў | - es 
^з 4-1 1 
6 ————— cee 
„е = (n° +1) ‘ат 
= 4n +1 1 
8541 = (nt +2) БЕ TOS an? 45". 
$4542 =— (n^ +3) усы - 


nm `4 Б 07 77 


for all integral values of s. For all other positive values of k, such 
that kis not of the forms n° +1, n° and n°-+2, (n=1, 2, 3,.. ) the values 
of s,(0) are all zero. HUE - 
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Hence, although the values of s,(0) are either in absolute value very 
large or zero as k becomes bigger and bigger, 








= 8, х в /5n54-] Tne Зеф 
E =n? 455-41 (ne +I) Mn? +1 
k+1 = = 1 n* 259 +1 t 


2n* +1 





n*-k2 ^n*-l  n9-8 +1 
OU RVIS Сы ub } Дачу, 


N being во chosen that N° < k41 < (N--1)*, 


Thus 
à к УТ -¢ -1 1 
E^ < Zw (seil 
k+1 : D 


© Е 





Here the numerator is for large values of N of the same order as 
1 


zy апа as this series is absolutely convergent, the numerator tends 
"n5, 





= 


to a finite limit, say С’, where О’ is an absolute constant, so that 


lim | > «o | lim (у 
асо —— EMI 
k po „үт |= 2% =0. 


Thus the divergent Legendre series corresponding to the continuous 
function Ф(@) given by (1) is convergent (0,1) at 0=0. - 





9. Lukàcs’s second e ample. 


ter = mS (B, (cop MP ee) e 0) 
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Here we notice that ой account of the inequality (2) of the previous 


article, the function Ф(6) 18 a continuous function of 6 and its козла 
in а Legendre series gives 


a(=0404-22! E 











HORSE P, (cos 61 --0— wily „(сов-б) + 


The partial sum s, of the first (k--1) terms of this series for 0==0 эв 
either 0 or very large:as k becomes bigger and bigger; nevertheless 
kg " à 95 15953596 Е - 


k N Ani 
= в„(0) 2 = NO ge 
“het c] к: Еш. | а 


where N is во chosen that М! < k < (N+1)! 











Thus SIN aes ee 
i м3! VN! 
k+1 k+1 
4/2]. S81 МГ 
" -9 [s Tg tet суз 
kl a | 
Мм! 


But we know that if M,, M,,..M, be a monotone increasing 
sequence of positive numbers and if = a, is convergent 


^ 


lim M,a, M52, t ...-M.,a, 








«>= === (80 
Therefore - A _ E 
god VII 81 VNT 
fo Ee p з (EE AE) 
k-— 9. kpl = Е мм! 


күбесе, . £0, since ktl > NI 
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"Thus in this case, as well, the divergent Legendre series correspond- 
ing to the continuous function Ф(б) given by (3) is convergent (О, 1) 
ab 0-0. 


8. To consider the strong summability (O, 1) of the Legendre series 
corresponding to Luka&cs’s first function, we have, since Ф(0) =0, 


k 
: z | 2. —Ф(0) | 2 5 (z Vn* 41 + (n° +1) / n5 F1 
k+1 nai Un? (Zn? +1) n* (Un* +1) 


(n*-R2) У F1 , Vn? +l (n* +3) / i 


+ от ^ aet 5 


whereas before № < kl < (N41)... 


"Therefore - 


а aaa Дт бы D1 ЖЫ tierra el 
5 1.6011 az c. 
а=0 < a= 


kl: k+l - 











The numerator here is for large values of М of the same order as 


N 
à € п ie, as N(N« 1). 


а=] 


Hence 


А 
lim = 12,—Ф(0) | im ayy) 
ве | eo jak М 


ТЕЕ СТА 
N >» о Fl) TN 


- he series is therefore-strongly summable (О, 1). 


^ 
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To discuss the strong summability (С 1) of the series , corresponding 
to the second function of Lukàos, we notice that (0) is эго and that 
each partial sum is positive or zgro. Then since the corresponding 
series is convergent (О, 1), it is-also strongly summable (0,1)... 


The same remarks also apply to the case of Gronwall’s example 
(Math. Ann., Vol. 74). 


4. To determine the greatest integral value of q such that 


k 
zm[s—H)9)1* 
в 9) 
k+l ^ 7 


for the first function of Luk&cs, we have 
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For the second function of Lukàos, we have 


= 
mw 


eds 








x ni 
= 1-90 1' zov 
p» 7 krl ^C 


where N! < k < (N+1)! 








(9$ (81)? (м! 
Bo жун жоу | 
ü Nil - 





In the limit the right hand side becomes zero, when $=1. $ e. q=2. 
For q > 2, the right hand side is infinite * in the limit. Thus the ` 
required greatest value of q is 2. 


Bull. Cal. Math. Soc., Vol. XIX, No. 4 (1928). 
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CONCERNING TWO Square Воот METHODS 
BY | 
RAYMOND GARVER 
University of Oalifornia at Los Angeles 


(Communicated by Prof. G. Prasad *) 


The purpose of the present note is to make certain comments con- 
.cerning the two square root methods discussed in the interesting paper 
by Dr. Datta, which appeared in the Bulletin of the Calcutta Mathe- 
matical Society, Vol. 28, 1931, 187-94. Both the methods, of course, 
. have a long history, as Dr. Datta poinís out, but there are certain 

facts about them which may be worth mentioning. 


One method takes y/z as an approximate value of WN, where (2, y) 
is a solution of the Diophantine equation Nz*+1=y*. Dr. Datta 
remarks, on page 188, that the error in this approximation is not 


.greater than 1/2zy or 1/253 N. There is, ouriously, a fortunate mis- 
take in this statement ; while the error is less than 1 [2.0 WN, it is 
inier than 1 Ж This can be verified at once by writing JN 

=* ^/1- 1 1— 5 апа expanding the right-hand side by the binomial 


еле, We thus have an upper and lower limit to the error, and 
the two are very close to each other. Thus the er a 20 


* Dr, Datta writes to Prof. Prasad : ‘' The article of Мг. Raymond Garver should 
be printed in the Bulletin. Iam sorry that а mistake crept into my paper. "Though 
my object was purely bistorical, to show that the Hindu Nür&yana (1860) anticipated 
the Swiss-German Euler (1782), and not to test the comparative value of that method 
and Heron's method, yet that simple misstatement should not have been there." 
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_ ог 2: 45 to 4/6 is in error by more than 1/1960 or -0005102 and is 
less than 9/800-22 or -0005113. (In obtaining this upper limit 


WN in the upper limit formula was replaced by 22/9, which is в little 
too small The value 22/9 was obtained by continued fractions.) 


We know then that 4/6 is 2-449489 or 2-449490, to six places 


The upper limit 1/2z*4/N is hardly obvious, but the reader can 
derive it without a great deal of trouble. 


The two limits just used have & connection with continued fractions 
which will now be pointed out. The ^N has a simple continued 


fraction expansion of the form a, + 1 + L4 Е +.... Weshall denote 
P а 


a, 4 

the nth convergent, as usual, by p,/g,, and the number of partial 
quotients in the period or cycle of the expansion by c. It is then 
well known that, when с is even, the complete solution of y* —Na?—1 
is given by y=p;.,2=Q;,, Ё being a positive integral parameter, and 
that when c is odd, the general solution is given by у=р,„,,, U=] te 
Hence the above approximation is essentially a continued fraction 
method, even if we happen to find our solutions of y*—Ns*=1 by 
some other method. 


On the other hand, if we were approximating to a square root by 
the continued fraction method, we could still use the limits obtained 
above and would find it advantageous to do so. The usual treatments 
show, that the error committed in taking р, /9, аз the true value of 
the continued fraction is less than 1/4. qup, and greater than a,,,-- 


Qeda+a- These limits show that 49/20, вв an approximation to 4/6, 
is in error by more than 1/1980 and less than 1/1780. These are poorer 
limits than the others, and the same situation almost always obtains. 
We thus state the theorem 


Theorem. If o is even, the error in taking p,,/q., as the value 
of N, or if o is odd, the error in taking p,:./q,,. ав the value, is 


greater than 1/2 pq but less than 1/24* М, 


+ Subscripts are omitted here for convenience, Ы 
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The same limits actually apply to the error in taking р,,/ф,, É 
odd, as the value when c is odd, but the upper and lower limits are 
interchanged. І shall not take the space to prove this. 

From the standpoint of actual computation, the approximation 
method of Jnünarüja, given first by Heron about 200 A.D., is superior 
to the Diophantine method of Narayana. We shall now take Heron’s 
method, and modify it very slightly so that our theorem on errors can 


still be used. Heron and Jn&nar&ja, to approximate VÑ, find the 
nearest perfect square a* io N, and form the closer approximation 


a,=4 (a+ = J A next approximation а, =+( а, + х ) is formed, 


and so on, It is obviously not necessary to choose а in quite the way 
stated ; ib may be any fairly close approximation. А perfectly natural 
way to get a close first approximation is by continued fractions, since 
it is well-known that any convergent is the best approximation of all 
fractions that have their denominators not greater than that of the con- 
vergent. Say we agree to take as our first approximation p,/q.. 
Now an interesting theorem given by Chrystal, in Volume II of his 
Algebra, page 440, shows that 


Pate Preot NG re 
Qste Pite Tre 


But the right-hand side may be written as 4 (==. + Ie £ ). We 
te 


see then that Heron’s method, with a-p,/q, gives а, =р,. |9, 
&,-—p,.[q,., 20d so оп. Hach p/g in this series with the exception 
of p,/q. when с isodd, is а solution of y*—Nwo*=1;s80 we have a 
relation between this method and the Diophantine method of ap- 
proximation. However, Heron’s method is very easy to use and 
skips over many of the solutions of the Diophantine equation, This 
makes it better to use than the Diophantine equation method, even 
when the Euler recurrence formulas are used to give the successive 
solutions. 

Our theorem on limits of error still applies, and gives the most 
satisfactory way of estimating the error in an approximation by 
Heron's method, with the first approximation chosen as above. It 
may be interesting to mention that in recent years Bouton (Annals 


14 
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of Mathematics, ser. 2, Vol. 10, 1908-9,: 167-79) and James (American 
Mathematical Monthly, Vol. 31, 1994, 471-5) have studied Heron’s 
method and determined error expressions. Neither gives both ‘an 
upper and lower Jimit:- Ў 

In conclusion, we have considered ‘two- methods of -approximating 
to the square root of М; and have seen their relation to each other вв 
well as to the ordinary continued fraction method. We -have found 
that one of the methods is the more advantageous to use, but that it 
may well be used in connection with error expressions obtained in 
connection with the other method. This last fact 1s the main con- 
tribution of the paper. 


Bull, Cal. Math. Soc., Vol. XIV. No. 2 (1982). 


ES 4 NOTICE 


Krishna Kumari Ganesh Prasad Medal and Prize. 


First award to be made in 1936. 


The Council of the Calcutta Mathematical Society has chosen the 
following subject for the thesis to the author of which a gold medal 
and а cash prize of Rs. 200 will be awarded in January, 1986:— 


The lives and the works of the ten Hindu Mathematicians: 
УлвхнА-Мтетва,  ÁRYABHATA, ВнАВКАВА I, BRAHMAGUPTA, LALLA, 
Sripwara, Manivins, ВЕРАТТ, ВНАРКАНА П and МАВХУАМА. 

The rules for the competition were published in the Bulletin of the 
Caboutta Mathematical Society, Vol. 22, Nos. 2 & 8, 1980, and 
they are reproduced below for ready reference. 

(1) A research prize and gold medal shall be instituted to be 
named Krishna Kumari Ganesh Prasad Prize and Medal after the 
name of the donor’s daughter. 

(2) The prize and the medal shall be awarded every fifth year to 
the author of the best thesis embodying the result of original research 
or investigation in a topic connected with the history of Hindu Mathe- 
matics before 1600 A.D. 

(8) The subject of the thesis shall be prescribed by the Council of 
the Calcutta Mathematical Society at least two years in advance. 

(4) The last day of submitting the thesis for the award in a parti- 
cular year shall be the 21st March preceding that year. * 

(5) The prize and the medal shall be open to competition to all 
nationals of the world without any distinction of race, caste or creed. 

(6) A board of Honorary Examiners, consisting of (i) the President 
cf the Society, (И) an expert in the subject nominated by the donor, or 
after his death, such an expert nominated by the donor’s heirs, and 
(iii-v) three experts in the subject elected by the Council of the 
Society, shall be appointed ag soon as possible after the last day of 
receiving the theses. 
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(7) The recommendation of the Board of Examiners shall be 
placed before the next annual meeting of the Society and the decision 
of that meeting shall be final. 

(8) Every candidate shall be required to submit three copies 
(type written) of his or her thesis. 

(9) If in any year no thesis is received or the theses submitted be 
pronounced by the Board of Examiners to be not of sufficient merit, a 
Second prize or a prize іп а second subject, or a prize of enhanced 
value, may be awarded in a subsequent year or years as the Council of 
the Culcutta Mathematical Society may determine. 

(10). The thesis of the successful candidate shall be printed by the 
Society. 


EXTRAOTS 
FROM THE 


CONSTITUTION OF THE SOCIETY 


10 Every person, desirous of admission into the Society as a 
Member, must be proposed and recommended by at least 
two members. 


11 Every recommendation of a proposed Member must be delivered 


to the Secretary and rend ab one of the „ordinary meetings 
of the Society. * 


14 Every person elected as a Member, shall pay his admission fee 
within one month, and the first parti contribution within 
three months of the day of his election; otherwise his 
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